Pre-class pondering

e Isitpossible for a Sudoku to be uniquely solvable even
if not all of the 9 numbers show up at least once?

e How few givens do you think a Sudoku can possibly
have while remaining uniquely solvable? (This one
can't be just reasoned out, AFAIK, but what would your
guess be?)

e How many givens can a Sudoku possibly have while not
being uniquely solvable?
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Announcements

e For some reason Axess listed a final for this class. There isn't one,
of course, and that's gone now.

e Please answer the course survey if you didn't last week. I will
actually finally read them this week :\ my own schedule was too
packed and I dropped CS111

e Speaking of: add/drop deadline is this Friday, 5 PM. Unfortunately
there are no larger rooms available (I asked...)

o If you end up still waitlisted, you can still show up and do
everything you want

o If youdon't really need the unit, consider auditing instead



@theoNI°N® HOME LATEST NEWS LOCAL ENTERTAINMENT POLITICS SPORTS OPINION VIDEO

Niemann Cheating Scandal Spirals Out
Of Control As Magnus Carlsen’s Rook
Found Dead

| 9/23/22 6:45AM | Alerts




@theoNI°N® HOME LATEST NEWS LOCAL ENTERTAINMENT POLITICS SPORTS OPINION VIDEO

Niemann Cheating Scandal Spirals Out
Of Control As Magnus Carlsen’s Rook
Found Dead

| 9/23/22 6:45AM | Alerts

Chess.com also noted "anomalies" in Niemann's rate of improvement, which
has seen him soar up the rankings in classical chess from around 800 in the
world to the top 50 in less than two years.

The site said this rise was the fastest in "modern recorded history" and had
occurred "much later in life than his peers".

But it found no evidence he had cheated in his game against Carlsen or in any
other over-the-board games.

A separate statistical analysis of Niemann's over-the-board games by Prof
Kenneth Regan, widely regarded as the world's leading expert on cheating in
chess, has also found no evidence he cheated.



Pre-class pondering

Is it possible for a Sudoku to be uniquely solvable even if not
all of the 9 numbers show up at least once?
o Yes! Imagine taking a solved grid and deleting all the 9s,
for instance. Doesn't work with two numbers, though

How few givens do you think a Sudoku can possibly have
while remaining uniquely solvable? (This one can't be just
reasoned out, AFAIK, but what would your guess be?)

o 17, amazingly. This has been proven to be tight.

How many givens can a Sudoku possibly have while nt being
uniquely solvable?
o 77.We'll see this a bit later



Logic puzzles pre-Nikoli
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Logic puzzles pre-Nikoli
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What is a Nikoli?

e AJapanese puzzle magazine that
produces (and popularized the notion
of!) well-crafted logic puzzles
including

o Sudoku (Number Place)

Kakuro (Cross Sums)

Fillomino

Hashi

Hitori

Masyu

Nurikabe

Slitherlink

O 0O O 0O O O O

e They also do crosswords, kanji games,
etc. but they are all too hard for me




Sudoku is older than most think

The Sudoku-esque puzzle to the right is from
1895! No boxes, but a diagonal constraint

cut la thte prise ot dorasée par les tampons,
La mort a été instantaaee,

Léororn Larrra.
—

DIVERTISSEMENTS QUOTIDIENS

N° 3879 — CARRE MAGIQUE DIABOLIQUR
Par M. B. Meynicel

Compléter o carcé ci-dessous en einployant
l2s neul premiers nombres chacun nesuf fois
de manitro que les horizontales, les vorti-
cales ot lea deux grandes diagovales donnvent
toujours A 'addition le mdawe total,

|
‘.:I-J'V-]tl‘@lr‘—l-’xl.‘ai

La_la.l—luiu'ulclrl»l

Ce carrdé devra dtro diabolique, c'est-n-dire
que Jo carré: restera magique si l'ou place une
ligae horizoutale ou wao colonne verticale &
la suite do toutes les sulres,




Sudoku is older than most think

e The Sudoku-esque puzzle to the right is from
1895! No boxes, but a diagonal constraint

e Actual Sudoku were around in US logic puzzle
magazines in the 80s as ''Number Place"

e Pitched as Sudoku (¥=3M & 1ZfR5, "digits
must be solitary") in Nikoli in the 80s

e Blew up worldwide in the 2000s, misspelled
ever since

But, if the use of numerals is optional, there is still plenty of
mathematics to be found. In solving a sudoku puzzle, we
consider the myriad ways of placing symbols in a grid. This
involves the permutations of the symbols, a branch of
mathematics known as Combinatggi athematicians are
keenly interested in a version Zzle, where each

row and each column must contaiff ait symbols, but there is no

cut la thte prise ct éorasée par les Lampons,
La mort a été instantaaee.

Léororn Larrra.
—m

DIVERTISSEMENTS QUOTIDIENS |

N°® 3479 — CARRE MAGIQUE DIABOLIQUER
Par M. B. Meyniel

Compléter 1o carré ci-dessous en einployant
l2s neul premiers nombres chacun peul fois
de manitre que lea horizontales, les vert
cales ot lea deux grandes diagosales donweit
toujours A 'addition le mdae total,

‘llcnl—‘ulc.'plcir‘;l
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Ce carré devra dtro diabolique, cest-n-dire
que o carrd: restera magique si 'ou place une
ligan borizoutale ou wao colonne verticale &
la suite do toutes les sulros,




Latin squares

123456789
e Annxn Latin square uses n distinct 23456 7890 1
symbols, such that each row or column
contains each symbol exactly once 345678012
o Usually numbers, but notice that
Sudoku are not really math puzzles! 45 6 789123
The numbers could be replaced with,
e.g., fruits! 567891234
o | 678912345
e Sudoku are just Latin squares with the
additional 3 x 3 "boxes" constraint 7 8 012345 6
o There are
5524751496156892842531225600 8 9 12 3 4 5 6 7
9x9 Latin squares, 012345678

6670903752021072936960

(0.0001%) of which are Sudoku (you swapping pairs of rows/columns retains
see why newspapers don't run out...) the property!



"Greco-Latin" squares

Acu|Bo|Cp|De|Ey

e Like Latin squares but with two sets of . -
symbols; also, each cell has a different pair Bj3|Ce|Dy|Ee|Ao

of symbols. Cv|Du|EG |AP|Be

o Also called mutually orthogonal x ”
D5|Ep [Ae|By|Ca

Ec|A7|Be|CoDp




"Greco-Latin" squares

Au|Bo|Cp|De|Ey
e Like Latin squares but with two sets of . —
symbols; also, each cell has a different pair Bp|Ce[Dy|Ex|Ao

of symbols. CyDe|Eo|AP|Be
o Also called mutually orthogonal X
Do|Ef|Ae|By|Cu

A very curious question, which has exercised for some time the ingenuity of many people, has involved ES ‘A.- { B o C‘E) DB
me in the following studies, which seem to open a new field of analysis, in particular the study of
combinations. The question revolves around arranging 36 officers to be drawn from 6 different regiments
so that they are ranged in a square so that in each line (both horizontal and vertical) there are 6 officers of
different ranks and different regiments.

— Leonhard Euler

Euler conjectured that no such 6 x 6,10x10, 14 x
14 etc. Greco-Latin squares existed.
e This is arare instance of Euler being wrong
("Euler spoilers' were found) — it turns out
that only 6 x 6 are impossible!




Latin squares in experimental design

e You are testing out a new kind of plant food. You want to test what
happens if you water plants with 0%, 25%, ..., 100% solutions of it.

e You set up a 5x5 grid of identical flowerpots on a table, and administer the
treatments like this:

0% 25% 50% 75% 100%
0% 25% 50% 75% 100%
0% 25% 50% 75% 100%
0% 25% 50% 75% 100%
0% 25% 50% 75% 100%

e You find that the plants that got higher concentrations of the food grow
taller! You excitedly publish and then your paper gets rejected. Why?



Latin squares in experimental design

e You are testing out a new kind of plant food. You want to test what
happens if you water plants with 0%, 25%, ..., 100% solutions of it.

e You set up a 5x5 grid of identical flowerpots on a table, and administer the
treatments like this:

0% 25% 50% 75% 100%  pottorl Now any
25% 50% 75% 100% 0%  unexpected
left-to-right
50% 75% 100% 0% 25%  factor (e.q, light
75% 100% 0% 25% 50%  levels?)iskinda

controlled for
100% 0% 25% 50% 75%
e You find that the plants that got higher concentrations of the food grow taller!

You excitedly publish and then your paper gets rejected. Why?
o Use a Latin square design instead! (Or even Greco-Latin for 2 treatments)



galoxy brain: maybe a Sudoku
is actually even better! since it
doesnt have these diagonal
lines...

Can you think of why it might
not be better?




Interlude: Cheating at Sudoku

At the chess tournament, "Varshavsky" defeated a far higher-rated opponent with
moves that matched those that a computer program would have suggested. Before he

could be searched, he disappeared into a bathroom stall for about 10 minutes.

At this past weekend's sudoku tournament, "Varshavsky" "blazed through the second
round in world-class time," the Inquirer says, but then couldn't figure out the "easy
first steps in the championship puzzle." He's described in the Inquirer, by the way,

only as "playing in a hooded sweatshirt."




Interlude: Cheating at Sudoku

At the chess tournament, "Varshavsky" defeated a far higher-rated opponent with
moves that matched those that a computer program would have suggested. Before he

could be searched, he disappeared into a bathroom stall for about 10 minutes.

At this past weekend's sudoku tournament, "Varshavsky" "blazed through the second
round in world-class time," the Inquirer says, but then couldn't figure out the "easy
first steps in the championship puzzle." He's described in the Inquirer, by the way,
only as "playing in a hooded sweatshirt."

“The reexamination results were very much consistent with Mr.
Varshavsky’s onstage performance,” said Will Shortz, The New
York Times’s puzzle editor and a tournament organizer, in a
statement. “We have concluded that Eugene Varshavsky alone
could not have solved the Round Three puzzles during the
championship...”



Constructing Sudoku

e Three parts to logic puzzle construction:
o Have a way of generating candidate puzzles

o Verify that a candidate puzzle has a unique solution (not
necessarily a unique solution path)

o Make sure the puzzle is actually satisfying and fun for humans to
solve (this is the truly hard part, in my experience)

e All this means that the human/computer constructor also really has to
understand how to solve the puzzles, too.



Candidates can be
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https://www.sudokuwiki.org/sudoku.htm



Sudoku is NP-complete (probably intractable)

e NP-complete means:

o itis quick (takes polynomial time) to check a solution once you have it

(thisis the ""NP'' part)
m Nondeterministic polynomial time = you have a machine that
guesses every solution path at once

o but if we had a way of finding a solution, we could use it (in polynomial
time) to solve any other problem that can be checked in polynomial time
(i.e. any other "NP" problem)



Sudoku is NP-complete (probably intractable)

e NP-complete means:

o itis quick (takes polynomial time) to check a solution once you have it

(thisis the ""NP'' part)
m Nondeterministic polynomial time = you have a machine that
guesses every solution path at once

o but if we had a way of finding a solution, we could use it (in polynomial
time) to solve any other problem that can be checked in polynomial time
(i.e. any other "NP" problem)

e 3SAT can be reduced to (i.e., reframed in terms of) a problem called Tripartite
Graph Triangulation...
o which can be reduced to a problem called Latin Square Completion...
m which can be reduced to Sudoku

e Are Sudoku and 3SAT in the complexity class P (i.e., solvable in polynomial
time?)



Well, which is it?

NP-Hard NP-Hard

Sudoku

Solve this and
NP-Complete

e win S1 million!
(Clay Millennium
Prize)

e wintheaweof  \
the math and T -
computer science
communities!

P=NP
= NP-Complete

Complexity

the world ~
financial system! P=NP P = NP




A common misconception

e Mark Gritter - Follow
PhD dropout in Computer Science, Stanford University (Graduated 2006) - Upvoted by
Justin Rising, MSE in CS and Timothy Johnson, PhD Computer Science, University of California,
Irvine (2018) - Updated 1y

Related How fast to solve Sudoku 9x9 to prove P=NP? My code solves them in
1/5th of a second with 20 hints and the toughest known 9x9 in 2.3 seconds.
You cannot prove P=NP on a 9x9 Sudoku. You will need, at the very least, to demonstrate
that your algorithm continues to perform well for larger instances. 9x9 Sudoku is not NP-
complete; generalized N2 x N? Sudoku is NP-complete.



Both of these are true:

e Solving 9x9 Sudoku is relatively ""easy" for computers, in
practice, but we are using exponential (non-polynomial)
algorithms.

e Solving arbitrarily large Sudoku (e.g., 100x100 with 10x10 blocks)
is thought to be computationally intractable (no polynomial-time
algorithm exists)

o ifitdid, it would imply that a lot of other problems we think
are intractable are also tractable

Takeaway: Although pretty much all Nikoli puzzles turn out to be
NP-complete, that doesn't mean we can't solve and construct fun
human-sized ones!



Construction consideration: Uniqueness

Most solvers expect a puzzle to have a
unique solution.
o It'sless satisfying otherwise?

This Sudoku with 77 of 81 numbers filled
in does not have a unique solution. Why
not?
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Construction consideration: Uniqueness

Most solvers expect a puzzle to have a
unique solution.
o It'sless satisfying otherwise?

This Sudoku with 77 of 81 numbers filled
in does not have a unique solution. Why
not?

o Ifyou try to construct any kind of
Nikoli-like puzzle, you will almost
certainly run into this right away.

o Worse yet are the versions of this that
are harder to spot, involving long loops

114/5(3|2|7|6]|9|8
8 3/9|16/5|4|1|2|7
6/7/2|9/1/8(5/4|3
419/6| [8/5]|3|7
2(1/814(7|/3]|9/5|6
/715|3| 9|6[4|8
3|6/7|5/4/2|8(1]|9
90|8/4(7]|6[1[2|3]|5
5/2|1[(8|3/9|7|64




Uniqueness interlude

Masyu ("Evil Influence"): You have a grid
with some white and black pearls.

O

Draw a single closed loop that goes
through every pearl once and doesn't
touch itself.

The path must go straight through
white pearls, but must bend directly
immediately before or after (or both)

The path must bend in black pearls,
but must go straight in the cells
immediately before and after

O
OO —g
O O}
—_— —e
O
O

| [ 1or

a partially completed grid




Uniqueness interlude

e Masyu ("Evil Influence'): You have a grid with
some white and black pearls.

o Draw a single closed loop that goes through
every pearl once and doesn't touch itself.

o The path must go straight through white
pearls, but must bend directly immediately
before or after (or both)

o The path must bend in black pearls, but must

go straight in the cells immediately before
and after

e Suppose we added this red line.

OO

[




Uniqueness interlude

Masyu ("Evil Influence'): You have a grid with
some white and black pearls.

o Draw a single closed loop that goes through
every pearl once and doesn't touch itself.

o The path must go straight through white
pearls, but must bend directly immediately
before or after (or both)

o The path must bend in black pearls, but must
go straight in the cells immediately before
and after

Suppose we added this red line.
o But now there are two solutions!
o Sowe know we can't add the red line.

OO

[




Uniqueness interlude O

SRE==E

e Masyu ("Evil Influence'): You have a grid with

some white and black pearls.

OO

O
o Draw a single closed loop that goes through
every pearl once and doesn't touch itself.

o The path must go straight through white R —e

pearls, but must bend directly immediately O

before or after (or both)
O

o The path must bend in black pearls, but must
go straight in the cells immediately before | = |

and after

e Suppose we added this red line. Convention: Solvers can use
o But now there are two solutions! uniqueness but should
o So we know we can't add the red line. never be forced to.



actually my whole thought process

was unnecessary here (albeit correct)
because the line has to bend left or

right here anyway, per the rules. RIP




Construction consideration: Fun / Beauty

e How to ensure that a puzzle is fun
for humans?

e Nikoli's philosophy: beautiful
handcrafted puzzles, credit
authors

Thomas Snyder's "State Sudoku"
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One quick and dirty way to do it

e Come up with alist of basic steps / heuristics
that are allowable. The computer only gets

to use those when checking. Sh?_lvlvdz:;isgfgles

: Naked Pairs/Triples

e Start with a grid with relatively few : Hidden Pairs/Triples
"givens', add more as needed (in a : Naked/Hidden Quads
brute-forcey, guess-and-check way) to : Pointing Pairs
make the puzzle solvable while still e

enforcing uniqueness

e It may be possible for solvers to use more Now you, too, can go back in time
advanced techniques, but who cares (besides ¢, the mid-2000s and churn out
a handful of puzzle snobs like me) tons of Sudoku! (but bring your

modern laptop)



Writing a different logic puzzle type

e Me: It's an outrage that the numbers in Sudokus / Latin squares don't
actually mean anything! (apart from representing different symbols)

e What if we had a Latin square but where each row has exactly one 1,
two 2s, three 3s... so then at least the numbers mean something...
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Writing a different logic puzzle type

Me: It's an outrage that the numbers in Sudokus / Latin squares don't
actually mean anything! (apart from representing different symbols)

What if we had a Latin square but where each row has exactly one 1,
two 2s, three 3s... so then at least the numbers mean something...
Good news: These turn out to be very easy to find. (board example)

Bad news: Latin square puzzles with missing entries are pretty much
just less fun Sudoku.



Adding constraints can be liberating

This is a counterintuitive feature
of puzzle designs! Constraining
the space of what you have to
think about can actually make it
easier to be creative

What if we had a Latin square but
where each row has exactly one 1,
two 2s, three 3s, and also
imposes Fillomino constraints?

8 8|3 31010101015
8 8:8]3]10.1010]5 5
3:3|8(1010{14 4:415
113|8]|3|10]2 2145
2:2]18]3:3]1]312:2
6:6]2:2]11]3:3]11]3
614 4 412:2]113:3
614]2 2143 3|4 4
6 6|4 4 4]11|13|4 4

Example of a Fillomino

puzzle. All 3s have to be in

contiguous groups of 3 that

touch no other 3s, etc.




Problem: this does not actually work

e What if we had a Latin square but
where each row has exactly one 1,
two 2s, three 3s but also imposes
Fillomino constraints?

e We can get really close... but an
exhaustive computer search
confirms that there are no such
grids.

This one is heartbreaking! It all works
except for the part indicated by the
red line.



What if we make it even harder?

e Handwavily, the problem is that
the 1-regions and 2-regions are
too puny to keep the big
3-regions from touching.

o IsitEuler's 6x6 curse all over
again?

e Would it actually help if we did
this with a 10x10 grid with 1, 2, 3,
/- regions instead of 1, 2, 37

b,



e My (not optimal) method:

o Enumerate all the possible valid rows (lists of 10 numbers with one 1, two
2s, three 3s, four 4s). There are 12600 of these.

o Plunk down an initial row.



e My (not optimal) method:

o Enumerate all the possible valid rows (lists of 10 numbers with one 1, two
2s, three 3s, four 4s). There are 12600 of these.

o Plunk down an initial row.
o Plunk down a row right below it and check for...

m local problems? (e.g., now there are four 3s all touching each other)
e mildly ugly casework involving a flood-fill-like search

m global problems (e.g., a column now has four 3s)



My (not optimal) method:

@)

Enumerate all the possible valid rows (lists of 10 numbers with one 1, two
2s, three 3s, four 4s). There are 12600 of these.

Plunk down an initial row.
Plunk down a row right below it and check for...

m local problems? (e.g., now there are four 3s all touching each other)
e mildly ugly casework involving a flood-fill-like search

m global problems (e.g., a column now has four 3s)
Backtrack when an in-progress solution cannot be extended.

Balance breadth and depth: Try starting with all possible valid rows,
spending only 10 seconds or so on each.



My (not optimal) method:

@)

Enumerate all the possible valid rows (lists of 10 numbers with one 1, two
2s, three 3s, four 4s). There are 12600 of these.

Plunk down an initial row.
Plunk down a row right below it and check for...

m local problems? (e.g., now there are four 3s all touching each other)
e mildly ugly casework involving a flood-fill-like search

m global problems (e.g., a column now has four 3s)
Backtrack when an in-progress solution cannot be extended.

Balance breadth and depth: Try starting with all possible valid rows,
spending only 10 seconds or so on each.

The key CS combinatorialist technique: Start it running, then go to sleep



2234314443
4134342423
4434342123
4324243314
3321243444
1443434232
4413434232
2243434431
3342421344
3442123344
*

4433441322
4323442314
4324132344
2344234143
2414234433
4433413422
3432443241
3142343244
3241324434
1244324433

4142334432
4342314432
4343421234
4343423214
22134433414
3424334421
3424134423
3434242143
1434242343
2231443344

=

I went from: is there even

one such grid?
to: oh, there are actually

quite a few of these!
to: But can we do better?

It works!

*

le

this is more
interesting?

they're all in
10x2 stripes...

better, but

boring, repetitive
person flexing
though)

(kinda looks like a

(Friday's puzzle set will have a

special example!)



Still to come in part 2...

e More Nikoli puzzles (e.g., Kakuro, which feels different from the
others and is actually a math puzzle)

e If we're stuck doing exponential searches, can we at least make them
as fast as possible?



